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Abstract 

We examine in the framework of 5d Kaluza-Klein theory the gauge equivalence 
of x 5 -dependent cosmological solutions each of which describes in the 4d sector an 
arbitrarily evolving isotropic, homogeneous universe with some pure gauge. We 
find that (l)within a certain time scale r c (which is characterized by the compact- 
ification radius R c ) any arbitrarily evolving 4d universe is allowed to exist by field 
equations, and these 4d universes with appropriate pure gauges are all gauge equiv- 
alent as long as they are of the same topology. (2)Outside t c the gauge equivalence 
disappears and the evolution of the universe is fixed by field equations. 
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Caused by brane world scenarios [I] the 5d cosmology 1 has been severely modified 
during the past several years [3]. The general feature of the new scenarios is that the 
scale of extra dimensions is not so small as expected by the traditional Kaluza-Klein 
theories, and the dependence of metric components on these extra dimensions becomes 
important. In this paper we will examine a 5d cosmology which is conventional in 
the sense that the theory possesses a U(l) gauge symmetry at the massless level 2 , but 
where metric components have x 5 -dependence. 

Recently, there has been an argument |I] in 5d Kaluza-Klein theory that an evolv- 
ing universe may be related with a static universe by a gauge transformation. The 
authors have used the simplest x 5 -dependent cosmological solution to the vacuum Ein- 
stein equation to show that the time degree of freedom of an evolving universe can 
be absorbed by a gauge transformation into the fifth dimension, and consequently the 
evolving universe turns into a static one. The solution considered in ref.jl] took the 
form of the Tolman metric 

ds 2 = -dt 2 + R 2 (t,x 5 )dn 2 k + e^'^idx 5 ) 2 (1) 

with 

R 2 (t,x 5 ) = R 2 + a 2 f [x 5 + (t - t )/a} 2 , 
and eV-{t, x °) being related with R 2 (t,x 5 ) by the equation 3 

„_ R' 2 _ a 2 /( 2[ x 5 + (t _ to)/a] 2 

6 a 2 R 2 + oPfo[xS + {t-t )/aY' 

where dQ 2 , is the metric of the 3d volume with constant curvature k 
Rq, /o and a are all (integral) constants, and in particular 

a = ±(k + f ) 1 / 2 . 

The solution (1) reduces to a static solution of the form 

ds 2 = -dt 2 + R 2 (x 5 )dQ 2 k + e^ 5) [dx 5 + nA {t)dt] 2 (5) 

once we perform a gauge transformation 

x 5 x 5 = x 5 + (t - t ) /a, (6) 

For the traditional 5d cosmological solutions, see ref.|5]|S] 
2 Thus, in this paper, the extra dimension is an analogue of an internal Calabi-Yau space, rather 
than a S 1 /Z2 orbifold 

3 In this paper we will use the same notations as those in ref.pl]; i.e., the "prime" denotes the 
:r -derivative, while "overdof'the time-derivative etc. 
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which shows that the time degree of freedom of an evolving universe can be gauged 
away by a U(l) gauge transformation, and in compensation for this a pure gauge comes 
into being. But here we should notice that the fifth coordinates x 5 and x 5 are both 
compact variables whose principal values can not exceed ±2irR c (where R c represents 
the compactification radius of the fifth dimension), while t is a noncompact variable 
which can be arbitrarily large. This means that the relation in eq.(6) fails to hold once 
\(t — to)/a\ exceeds the value 2irR c , and the solutions in eqs.(l) and (5) are not gauge 
equivalent anymore in the region (t — to) /a > 2itR c . This is remarkable because it 
indicates the possibility that any two different 4d universes may be entirely equivalent 
at the early stage of evolution within a certain time scale characterized by R c . 
Let us consider a metric 

ds 2 = -N 2 (t,x 5 )dt 2 + R 2 (t,x 5 )dn 2 k + e^' x5) [dx 5 + N 5 (t)dt} 2 , (7) 

where N(t, x 5 ) is the lapse function which has been introduced for the time being, and 
N 5 (t) is the fifth (and the only non- vanishing) component of the shift vector N A (t). 
With N(t,x 5 ) = 1 and N 5 (t) = the metric (7) reduces to the Tolman metric. The 
action on the other hand is given by the Hilbert-Einstein action 

h = ~Y K j d 5 x\f^lR (8) 
f dtd 4 xN\fl(R +K fMU K^ - K 2 ) + surface terms (9) 



2k 

= j dtd 4 x£ g + surface terms (10) 
plus perhaps some matter action 



J d 5 x£ m (11) 
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which has not been given in a definite form. In eq.(9), R and K^ v are the Ricci scalar 
and the second fundamental form of the 4d spacelike hypersurface, and they are given 
by 

^=§- e ^ [6 f +6 4 )2 - 3/ 4 ] ' (12) 

K^ = ^[dJj^-{V lt N v + VuN ll )], {n,v = 1,2,3,5; 8 = d t ). (13) 

4 4 

where V/i denotes the covariant derivative associated with which is induced on 
the hypersurface. The action in (9) can be put into a canonical form by introducing 
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canonical momenta tt^ which are defined by 



7T^ = 



= —-!—{K tlv — g^K). 
Ik 



(14) 



3(doV) 

For a given metric (7) the non-vanishing components of tv^ u are 

ft 

w " = if [ l ( ^ oi?) + w^^* {hJ = x ' 2 ' 3) ' 



(15) 



where the derivative -Do is defined by Dq = do — N 5 dz,. With these -k^ v the Lagrangian 
density C g is then written as 

C g = Tr^doV - (NH + N 5 H 5 ), (17) 

where 

ft 

2k- 1 \ a 4 

Ws __(„^_ r 2 ) + X_ fl (18) 



f 

and 

H 5 = -2Vz,7r 5l/ (19) 
are related with the Hamiltonian H by the equation 

H = j d 4 x(NH + N 5 H 5 ). (20) 

In the presence of matter fields (i.e. for C m ^ 0) the field equations obtained by varying 
N and N§ are the Hamiltonian constraint 

H = N 2 \TgT m , (21) 

and the momentum constraint 

H 5 = -N\fl(T^ + N 5 T 00 ), (22) 

where T AB are expectation values of the stress-energy tensor of 5d matter fields. 

Having found constraint equations we now set N = 1 and iV 5 = kAq; namely, we 
are considering a metric 

ds 2 = -dt 2 + R 2 (t,x 5 )dfi 2 k + e^'^idx 5 + KA (t)dt} 2 . (23) 
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Upon this setting the Hamiltonian constraint in eq.(18) can be recast into more sug- 
gestive form: 

n = ^-G 00 + yl PA , (24) 

where 

Goo = 3(|) 2 + ^| + iA (25) 
is the 00-component of the 5d Einstein tensor derived from the Tolman metric (1), and 

PA = -L[(kA )#i + (kA ) 2 H 2 ) (26) 

with 

^ i "- i2( I ) 4 ) - 3 I /z '- 3 5 a ' (2r) 

F 2 = 6(^) 2 + 3^' (28) 

is the energy density associated with the pure gauge A§ . This is quite surprising. Being 
a physically non-observable quantity a pure gauge essentially does not contribute to 
the energy (or Lagrangian) of spacetime due to the vanishing of the field strength. 
Indeed a pure gauge does not play any role in ordinary 4d theories of spacetime. This, 
however, is not true anymore in the 5d theory under discussion. Eq.(24) shows that 
part of the energy is engaged in the dynamics of spacetime, but the rest is stored in 
PA in the form of a pure gauge, pa manifests itself once the metric components have 
x 5 -dependence. 

To find the solution to the constraint equations (21) and (22), T AB must be defi- 
nitely given. In our discussion we will focus our attention on the case T AB = because 
it is not only simple, but it is of particular interest in the context of the discussion in 
ref.0]. As for the solution to field equations we consider an ansatz of the form 

R 2 (t, x 5 ) = R 2 + a 2 / [x 5 + <(t)] 2 , (29) 
, (i ,* 5 ) _ R' 2 a 2 /o 2 [x 5 + <(t)] 2 



a 



R 2 +a 2 fo[x5 + Km] 2 



which is obviously a generalization of eqs.(2) and (3), and where both R 2 and are 
expressed in terms of a single function meaning that the dynamics of the universe 
is entirely described by alone. The function £(t) is of course to be determined 
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by field equations for a given (in our case, zero) matter distribution. However, is 
subject to the gauge transformation; experiences a transformation 

£(*)-f(t) = f(t)-A(i) (31) 
under the gauge transformation 

x 5 ^x 5 = x 5 + KA(t), (32) 



A (i) -» io(t) = Mt) ~ A(t). (33) 

Since the gauge parameter A(i) is totally arbitrary eq.(31) implies that the gauge trans- 
formation relates two arbitrarily different universes with dynamics described, respec- 
tively, by £(t) and £(t). In the 4d sector these correspond to two arbitrarily evolving 
4d isotropic universes with scales described by two arbitrary functions R(t,x ) and 
R(t, x 5 ). Indeed, using (24) and (25) one can convert the Hamiltonian constraint (21) 
into the Einstein equation for a homogeneous, isotropic 4d cosmology 

3(|) 2 + § = ^ cff , (34) 

4 

where the 4d effective source P e ff is given by 4 

4 3 .R 3a 2 

PcS = -2-^R + - K l?- pA ■ (35) 

The first term in eq.(35) is a conventional term, typical of ordinary 5d cosmology 0, 
while the remaining two terms are new terms that appear only when the metric com- 
ponents have ar-dependence. Now it is important to note that p e g contains the energy 
density pa, whose value essentially depends on Aq. Since Aq is subject to the gauge 

4 

transformation (33) this implies that p e $ can have arbitrary values depending on A(t). 

Thus, any two 4d universes with arbitrarily different 4d sources can be related by the 

gauge transformation (32) and (33). As discussed before the gauge transformation (32) 

is valid only within a certain time scale characterized by R c ; to be precise, for the 

gauge transformation (32) the time scale is given by |«A(t)| ~ ttR c (we will call this 

scale r c ). Outside r c , the transformation (32), and consequently the relation (31) are 

broken down and the gauge equivalence between two universes disappears. Further, in 

4 Note that the relation e M = R' 2 /a 2 has been used to obtain eq.(35). We also have set T 00 = ; 
thus, all the gauge equivalent 5d universes considered in this paper have the same(i.e., zero) 5d energy 
density. 
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the region sufficiently far from r c (i.e. for k£ 3> 7ri? c ) it is convenient to introduce a 
new time variable t which is defined by 

a; 5 + «£(<) = «£(t). (36) 

In that region t approximates t, and x 5 -dependencies of the metric components can be 
neglected. 

Turning back to field equations one can show that H 5 in (19) identically vanishes 
upon substituting (29) and (30): 

H 5 = 0, (37) 

that is, the momentum constraint is automatically satisfied by the given ansatz. How- 
ever, H and pA in eqs.(18) and (26) do not vanish identically upon substituting (29) 
and (30); they are calculated to give 

fl 

H = ^j^[nW(A -0 2 -l], (38) 



9p A = 3 K a 2 foj^[A (A -20}. (39) 

In eq.(39), pA vanishes not only for Aq = 0, it also vanishes when Aq = 2£. Also with 
Aq = the solution to the Hamiltonian constraint TC = coincides with the solution 
described by (2) and (3) as it should be. However, it is important to note that the 
equation 7i = does not generally determine Aq and £ separately; it only determines 
the combination Aq — £, which is gauge invariant under the combined transformations 
(31) and (33). In fact, within r c , Aq and £ are not determined even by field equations 
as can be seen in the followings. The Lagrangian density calculated from eq.(9) takes 
the form 



£ g = ^j^[K 2 a\A -tf + l], (40) 

but one can verify that the above C g is simply a sum of total derivative terms 5 . Thus 
the variation of the action I g always vanishes for any £ and Aq : 

kh = Sa I 9 = 0, (41) 

which means that the field equations are trivially satisfied by any £ and Aq, and any 
universe described by (^(t), AQ(t)) is allowed within r c . This supports our conjecture 
that the gauge equivalent universes are equally allowed in this region. 



3 One can use the relation e M = R' /a 2 in eq.(30) to show that \ g/R 2 = d 5 [\f 9R' /2a 2 R] 
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What about outside r c then? Since x 5 -dependencies of R 2 and e M disappear in this 
region (see eq.(36)) all the covariant derivatives -Do hi 7V ^ U ( or K^ v ) are replaced by 
ordinary derivatives do, and therefore the Lagrangian (or the action) does not include 
Aq anymore. In this case the action in fact takes the same form as the conventional 
action associated with the standard 5d Robertson- Walker metric, so the solution that 
minimize the action is expected to bejlJOI] 

ds 2 = _ dt 2 + [R 2 _ k{t _ h) 2 ]dn 2 + (t ~ t0)2 [dx 5 + KA (t)dt] 2 , (42) 

[ R o - k (t - tori 

where Ao(t) is arbitrary 6 . From this we see that the pure gauge can exist even in the 
region outside r c . However, in this region the pure gauge does not play any physically 
important role (actually, it is insensible) because it manifests itself always through the 
covariant derivative -Do = do — kAqOs, but the metric components are x 5 -independent 
there. In fact, dx 5 + nAo{t)dt in (42) can always be replaced simply by dx 5 by an 
appropriate coordinate transformation, then we recover the ordinary 5d Robertson- 
Walker metric representing a radiation-dominated universe. 

The above discussion may be extended to the general case. For instance, the ansatz 
in (29) and (30) may not be relevant to the case of T AB ^ 0. Recall that it is just a 
generalization of the solution to vacuum(T" 4B = 0) field equations. The most general 
ansatz for R 2 and would be in fact of the form 

R 2 (t,x 5 ) = R 2 (x 5 + K ({t)), (43) 

n/2 

e MM J ) = " (44) 
a z 

and one can verify that the momentum constraint H. 5 identically vanishes as before 
upon substituting (43) and (44): 

H 5 = 0. (45) 

This equation agrees with (22) when 

N 5 = kA = _T 05 /T 00 , (46) 

which suggests that the pure gauge ^o can be interpreted (in a 5d sense) as a momentum 
density (normalized by kT 00 ) along the fifth direction. The Hamiltonian constraint on 
the other hand takes the form 



H -_^|[y(.l : ' - ' . • (IT) 



6 ' Aa(t) is arbitrary because it does not appear in the action, and the equation of motion for Ao(i) 
does not exist. 
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which is obviously a generalization of eq.(38), and still the constraint equation (21) 
does not determine Aq and £ separately 7 . Finally, The Lagrangian density C g (i.e., 
the generalization of (40)) is calculated to give 



A? = -^[y(A)-e)W + /o], (48) 



and one can verify that the terms in eq.(48) only contribute to surface terms of the 
action I g as before 8 . Thus, Aq and £ are not fixed by field equations in this general 
case either. 

Summary 

We have examined in the category of 5d Kaluza-Klein theory a gauge equivalence of 
x 5 -dependent solutions each of which describes in the 4d sector an arbitrarily evolving 
isotropic, homogeneous universe with a zero, or non-zero pure gauge. The main points 
we have observed are: (l)Within a certain time scale r c (which is characterized by the 
compactification radius R c ) any arbitrarily evolving 4d universe with an appropriate 
pure gauge is allowed to exist by field equations and these isotropic, homogeneous 
universes are all gauge equivalent as long as they are of the same topology. (2)In 
this case the pure gauge Aq plays a role of the 4d effective matter source as does the 
dynamics of the fifth dimension 9 . A pure gauge has its own energy density which 
manifests itself when the metric components have x 5 -dependence. (3) Outside r c the 
evolution of the universe is set by field equations. In particular, for T AB = the 
only allowed state of universe is a radiation-dominated universe with an arbitrary pure 
gauge which can be removed by a coordinate transformation. 

The above result naturally leads us to a certain conjecture which perhaps makes 
our point more clear. The suggested conjecture is that it may be totally meaningless in 
5d Kaluza-Klein theory (or even in any higher-dimensional theory) to distinguish one 
4d universe from another (as long as they are of the same topology) within a certain 
time region r c which is expected to be of order of the compactification scale, because 
there is no known gauge-fixing mechanism to select a preferred universe among the 
infinite number of gauge equivalent universes. The physics in such a region is always 
subtle and complicated due to the existence of such as an initial singularity, or a 



In the case of T 7^ 0, the quantity y gT must be taken to be gauge invariant in order for TL to 
be gauge invariant 

[a [a 

8 In addition to the equation in footnote 5, eq.(44) also implies that y g(R 2 )" j R 2 — Ssfy 9R'/R]- 
9 It is well-known that the dynamics of the fifth dimension acts as a 4d effective radiation source. 
See, for instance, ref.p)]. 
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quantum fluctuation etc. The above conjecture may provide a possibility of avoiding 
such difficulties. For instance, we can avoid the initial singularity by dealing with 
a gauge equivalent static universe with no initial singularity, instead of dealing with 
an evolving universe with initial singularity. This amounts to say that the initial 
singularity is alleviated due to the existence of the internal dimension(s) to the extent 
of its size. In short, the above conjecture tells that within r c we do not need to consider 
detailed dynamics or matter contents of 4d universes. We may simply ignore them! 
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